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Abstract

This paper addresses the idea of the applicability of mathematics, using, as a case study,
a construction and software package that partition the unit sphere into regions of equal area.
The paper assesses the applicability of this construction and software by examining citing
works, including papers, dissertations and software.
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1 Introduction
The unreasonable effectiveness of mathematics? A well known paper by Wigner [139]
claims that there is something mysterious or even miraculous about the appropriateness of
mathematics as a language for describing nature . . .

The miracle of the appropriateness of the language of mathematics for the formu-
lation of the laws of physics is a wonderful gift which we neither understand nor
deserve. We should be grateful for it and hope that it will remain valid in future
research and that it will extend, for better or worse, to our pleasure even though
perhaps also to our bafflement, to wide branches of learning. [139]

Hamming [54] make some attempts at explanation, but comes to a similar conclusion to
Wigner . . .

Some partial explanations . . .

1. We see what we look for.
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2. We select the kind of mathematics to use.

3. Science in fact answers comparatively few problems.

4. The evolution of man provided the model.

. . . From all this I am forced to conclude both that mathematics is unreasonably
effective and that all of the explanations I have given when added together simply
are not enough to explain what I set out to account for. . . . The logical side of the
nature of the universe requires further exploration. [54]

On the other hand, Arnold [7] and Borovik [15] quote Gelfand’s assertion that mathematics
is unreasonably ineffective in biology.

Arnold [7]:

Here we can add a remark by I.M. Gel’fand: there exists yet another phenomenon
which is comparable in its inconceivability with the inconceivable effectiveness
of mathematics in physics noted by Wigner – this is the equally inconceivable
ineffectiveness of mathematics in biology.

Borovik: [15]:

This paper is an attempt to answer the question

Should we accept Israel Gelfand’s assessment of the role of mathematics
in biology?

And my answer is

Yes, we should, for the time being: mathematics is still too weak for
playing in biology the role it ought to play.

So what makes mathematics effective or ineffective in applications, and is the effectiveness
or ineffectiveness reasonable or unreasonable?

A more pragmatic approach. The practice of applied mathematics usually takes a more
pragmatic approach, especially when dealing with models and approximations. In scientific
modelling, it is often stated that “All models are wrong but some are useful” [20], meaning that
a completely faithful model may be unattainable, but it may be possible to build a parsimonious
model that reflects the key phenomena or most important aspects of the system being modelled.

Much can and has been said about the construction of models of systems that are both fit
for purpose and mathematically tractable [89]. Modelling often involves approximation, in the
sense of neglecting some aspects of the systems, and idealization, that is making strictly incor-
rect assumptions that still preserve the important aspects to be understood [90, 102, 116]. The
processes of approximation and idealization may then result in a model that can be described
by known or at least constructable mathematics. The final step for a predictive model would
then be to ensure that the mathematical formulation is tractable, in the sense that it results in a
reasonable trade-off between computational effort and accuracy [1, 10, 115, 130].

Models also often involve approximations in the mathematical sense of the word. The ap-
proximation of functions from noisy and incomplete data [9], and the approximate solution of
underdetermined systems of equations [63], including the solution of differential or integral
equations with noisy and incomplete initial data, has long been a subject of study in statis-
tics, applied mathematics, and machine learning. The subject of approximation theory deals
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with the best approximation within a function space [131], and the theory of information-based
complexity explicitly deals with the inherent trade-off between the cost of function evaluation
versus the error in approximation [130, 143]. It is therefore usually the case that a new approx-
imation method, algorithm or construction is accompanied by an analysis of its applicability to
known abstract problems, often in terms of its asymptotic cost versus rate of convergence with
respect to approximation error within a known setting (e.g. [25]).

A case study. This paper examines the applicability of a geometric construction: an equal
area partition of a unit higher-dimensional sphere, and its associated distribution of points. The
construction is described in a 2006 paper published in Electronic Transactions on Numerical
Analysis [74], and is analyzed in more detail in a PhD thesis of 2007 [75], a paper of 2009 [76]
and follow-up papers [77, 81]. As at 20 August 2024, the 2006 paper [74] has 346 citations
listed in Google Scholar, 224 citations in Scopus, 179 in Web of Science, and 43 in MathSciNet.

Citations appear in Geophysical Journal International, Global Change Biology, IEEE Trans-
actions on Audio Speech and Language Processing, Journal of Approximation Theory, Jour-
nal of the Atmospheric Sciences, Journal of Computational Chemistry, Journal of Differential
Equations, Mathematics of Computation, Radio Science, RNA Journal, and elsewhere.

Note: some of the papers described below are accompanied by abbreviated 20 August 2024
citation counts of the form (G: g, S: s, W: w, M: m), for the Google Scholar, Scopus, Web of
Science, and MathSciNet counts respectively. For example, the abbreviated counts for the 2006
paper [74] are (G: 346, S: 224, W: 179, M: 43).

The citations of the 2006 paper, the 2007 thesis, and the follow-up papers are generally of
three types:

1. Application of the constructions to specific problems;

2. Evaluation of the constructions described by the paper, including comparisons with other
constructions; and

3. Passing mention of the paper, sometimes with a short description.

This paper is mostly concerned with the first two types of citations.

2 Preliminaries

2.1 Some related problems
The problem of finding an equally distributed set of N points on a circle is solved easily: just
use points arranged uniformly at an angle of N

2π
. In contrast, on a unit sphere Sd ⊂ Rd+1 with

d > 1, not only is the problem harder to solve, it is harder to pose precisely. There are a number
of related problems, each of which gives rise to a different sense of equal distribution [14, 119].
These problems are often stated in terms of sequences of spherical codes, where each spherical
code is a finite set of N points on the unit sphere Sd , and we are often interested in some
asymptotic value related to each sequence as N goes to infinity.

Asymptotic equidistribution in measure and related quadrature problems. Find a se-
quence of spherical codes that converges to the uniform distribution in the sense of convergence
in measure (Figure 1). Such convergence is usually defined in terms of a discrepancy such as
the spherical cap discrepancy [23, 46, 142]. If the spherical cap discrepancy of the spherical
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codes in the sequence converges to zero, then the sequence is said to be asymptotically uni-
formly distributed [119], or asymptotically equidistributed [28, 92], or weak-star convergent
[75, Definition 2.11.3].

Figure 1: Brauchart, “Spherical Fibonacci lattices,” [24].

Interpolation and related function approximation problems. Find a sequence of spherical
codes such that a function approximation within a certain function space converges at a certain
rate. Examples are Lagrange polynomial interpolation within continuous function spaces [6,
16, 141] and least squares approximation within L∞ [61, 62, 123, 129] (Figure 2).

Figure 2: Themistoclakis and Van Barel, “Examples of the tensor product Gauss–Legendre
quadrature nodes related to degrees of precision 31 and 51, i.e., having N = 512 (left) and
N = 1352 (right) points,” [129].

The Thomson and related energy minimization problems. Minimize the energy of N
equally charged particles on a sphere, with respect to some potential (Figure 3).

The Tammes problem and packing of spherical caps. Given a fixed radius, how many non-
overlapping spherical caps with that radius can be placed onto a unit sphere (Figure 4)? This
radius is called the packing radius of the spherical code formed by the centres of the caps.

The covering problem. Given a fixed radius, how few overlapping spherical caps with that
radius are needed to cover a unit sphere (Figure 5)? This radius is called the covering radius or
mesh norm of the spherical code formed by the centres of the caps.
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Figure 3: Atschuler et al. “Lattice configurations for 132 (a) and 1032 (b) charges,” [5].

Figure 4: Dartmouth College Electron Microscope Facility, “A grain of pollen from Morning
Glory flowers,” [47].

Figure 5: Saff and Womersley, “Covering of a sphere with 169 equal spherical caps,” [118].

2.2 Some history
The history of constructions aimed at solving the problems posed in Section 2.1 is quite in-
volved. See also the 2019 book by Borodachov et al. [14, Chapters 6 and 7].

Equidistribution without separation. Many constructions for S2 yield an asymptotic equidis-
tribution, e.g. Hammersley, Halton, (t,s) etc. sequences mapped to the sphere [142] (Figure
6).

Separation without equidistribution. Hamkins [48] and Hamkins and Zeger [49] constructed
Sd codes with asymptotically optimal packing density (Figure 7).
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Figure 6: Wong and colleagues “Halton points with different bases on the sphere (n = 1000),”
[142].

Figure 7: Hamkins and Zeger, “The wrapped spherical code C Λ2
W (3;0 : 05),” [49].

Equal area partitions. Alexander [3] asserts the existence of a diameter bounded set of equal
area partitions of S2, sketching a construction based on the cubed sphere.

Stolarsky [126], Beck and Chen [11] and Bourgain and Lindenstrauss [17] each go on to
assert the existence of a diameter bounded set of equal area partitions of Sd without giving an
explicit construction.

Feige and Schechtman [41] describe a construction as part of an argument about the op-
timality of a solution of the Max-Cut problem in graph theory that can be modified into a
construction of a diameter bounded set of equal area partitions of Sd (Figure 8).

Figure 8: Leopardi. “Step 5 of the Feige-Schechtman construction” [41, 75].

The EQ(d,N) recursive zonal partition of the sphere Sd into N regions of equal area de-
scribed in [74] and analyzed in [75, 76] is based on Zhou’s 1994 construction for S2 [113, 148]
(Figure 9) as modified by Saff, and Sloan’s sketch of a partition of S3 [122] (Figure 10).
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Figure 9: Saff and Kuijlaars. “Partition of the sphere into 400 equal-area parts with diameters
≤ 7/

√
400” [119].

Figure 10: “Partition EQ(2,33)” [74].

The 2006 paper [74] describes the construction of the EQ(d,N) partition. The paper also
provides estimates and numerical examples of the maximum diameter of each region in each
partition of Sd into N regions for N ≤ 100 000 for d = 2,3,4, and also for N = 2k for k = 1 . . .10
and d = 1 . . .8. The maximum diameter is a good estimate for twice the covering radius.

The partition algorithm. The recursive zonal equal area partition algorithm is recursive in
dimension d. For d > 1 it uses the idea of a “collar” – an annulus on the sphere arranged
symmetrically about the North-South polar axis.

The 2006 paper [74] provides a detailed description of the partition algorithm EQ(d,N),
but a brief pseudocode description is

if N = 1 then

There is a single region which is the whole sphere;

else if d = 1 then
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Divide the circle into N equal segments;

else

Divide the sphere into zones, each the same area as an integer number of re-
gions:

1. Determine the colatitudes of polar caps,
2. Determine an ideal collar angle,
3. Determine an ideal number of collars,
4. Determine the actual number of collars,
5. Create a list of the ideal number of regions in each collar,
6. Create a list of the actual number of regions in each collar,
7. Create a list of colatitudes of each zone;

Partition each spherical collar into regions of equal area, using the recursive
zonal equal area partition algorithm for dimension d −1;

endif.

EQ(3,99) Steps 1 to 2
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Figure 11: Partition algorithm for EQ(3,99)

Figure 11 is an illustration of the algorithm for EQ(3,99), with step numbers corresponding
to the step numbers in the pseudocode.

Spherical codes from equal area partitions. The 2007 thesis [75] describes the partition in
more detail, describes the spherical codes EQP(d,N) consisting of a central point of each region
of EQ(d,N), and proves that the sequences of these codes are asymptotically equidistributed
for each d [75, Theorem 5.4.1] (Figure 12). Despite being unpublished, as at 20 August 2024
the thesis has 78 citations on Google Scholar.

Chapters 3 to 5 of the 2007 thesis also include the following statements, estimates and
numerical examples:
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Figure 12: “EQ code EQP(2,33), showing the partition EQ(2,33)” [75].

Chapter 3 contains estimates of the maximum diameter of each region, as per [74], with
proofs. Section 3.10 lists numerical results on the maximum diameter of regions, as per [74].

Section 4.2 includes an explanation of why the spherical codes are not good for Lagrange
polynomial interpolation, in terms of the condition number of the Gram matrix corresponding
to each polynomial degree (see also [141]). The section remarks that the Gram matrix is often
singular to machine precision, and also includes a statement and proof of the minimum poly-
nomial degree for which Lagrange interpolation must fail. Section 4.3 estimates the minimum
distance between code points, which is also a good estimate of twice the packing radius. Nu-
merical examples are given for d = 2,3,4 and N up to 20 000. Section 4.4 gives estimates
of the packing density, which is also related to the packing radius. This section also includes
numerical examples for d = 2,3,4 and N up to 20 000.

Section 5.4 includes estimates of the spherical cap discrepancy and the Riesz energy, with
numerical examples of the Riesz d−1 energy for d = 2,3,4 and N up to 20 000. Here the Riesz
s-energy of a finite set X ⊂ Sd of size N is defined as

Es(X ) =
1

N2 ∑
x∈X

∑
y∈X
y̸=x

∥x− y∥−s ,

using the usual Euclidean norm on Rd+1.

Matlab code. The Recursive Zonal Equal Area Sphere Partitioning Toolbox [73, 79, 80] is
a Matlab toolbox that was released in 2005 to accompany the paper [74] and PhD thesis [75].
The earlier history of the code, including the original Maple prototype, can be seen in the
CHANGELOG file [80]. The following remarks refer to the situation at 20 August 2024.

Google Scholar lists four citations to the toolbox, excluding self-citations [31, 30, 112, 133].
The SourceForge URL of the toolbox [73] is mentioned in 17 other theses and papers indexed
by Google Scholar [39, 55, 60, 69, 87, 88, 98, 109, 110, 112, 120, 124, 128, 132, 145, 144, 146],
excluding self-citations. Of these theses and papers only six [69, 109, 110, 112, 124, 128]
contain an attributed citation to the toolbox in their References section. Interestingly, one thesis
[144] and two papers [145, 146] mistakenly call the toolbox “EASP” and do not cite the author.
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The GitHub project for the toolbox [80] has 8 forks in GitHub, and is mentioned in one other
paper indexed by Google Scholar [120]. Code from the toolbox is also included in at least 10
other GitHub projects [42, 59, 64, 68, 70, 86, 101, 105, 134, 135]. Unfortunately, SourceForge
does not support code searches across its repositories, so the number of SourceForge projects
that include code from the toolbox remains unknown. The same is true for GitLab public
repository hosting.

The toolbox is also mentioned in the documentation for FERUM [18] but without at-
tribution. The Matlab source code for FERUM 4.1 [19] contains a subset of the toolbox
code. There is also a copy of the toolbox code at the Lamont-Doherty Earth Observatory
clifford.ldeo.columbia.edu web site [125].

2.3 Follow-up papers and generalizations
The 2009 paper [76], based on the 2007 thesis [75], proves diameter bounds for both the
EQ(d,N) sphere partition described in the 2006 paper [74], and a modified version of the
construction of Feige and Schechtman as described in the thesis. Citations: (G: 34, S: 0, W:
13, M: 11).

A 2013 paper [77], following the arguments in Chapter 5 of the 2007 thesis [75], shows
that a sequence of spherical codes with a well behaved upper bound on discrepancy and a well
behaved lower bound on separation, such as the sequence of EQP(d,N) codes, satisfies an
upper bound on the Riesz s-energy. Citations: (G: 21, S: 13, W: 12, M: 10).

A second 2013 paper [78] generalizes the paper [77] in the sense that it proves that, for
a smooth compact connected d-dimensional Riemannian manifold M, if 0 ≤ s ≤ d then an
asymptotically equidistributed sequence of finite subsets of M that is also well-separated yields
a sequence of Riesz s-energies that converges to the energy double integral. In this case, the
Riesz s-energy is defined using the geodesic distance on M. Citations: (G: 3, S: 0, W: 0, M: 0).

A 2017 joint paper with Gigante [45] generalizes the partition results of [75, 76] by com-
bining the Feige and Schechtman construction with David’s and Christ’s dyadic cubes to yield
a partition algorithm for connected Ahlfors regular metric measure spaces of finite measure.
Citations: (G: 33, S: 19, W: 18, M: 18).

A second 2017 joint paper with Sommariva and Vianello [81] proves that good covering
point configurations on the 2-sphere are optimal polynomial meshes, and extracts Caratheodory-
Tchakaloff submeshes for compressed least squares fitting. This implies that the point sets
generated by the construction of the 2006 paper [74] are optimal polynomial meshes. The pa-
per also provides numerical examples where submeshes based on these point sets are used to
construct positive weight quadrature rules. Citations: (G: 6, S: 4, W: 5, M: 1).

3 Evaluations and improvements

3.1 Evaluations
Many of papers citing the 2006 paper [74] and its related papers conduct one of two types of
evaluation:

1. They evaluate methods that use the constructions described in [74] against one or more
completely different methods as they apply to the problem being solved in the paper. This
type of evaluation is most frequently seen in applications oriented papers and is treated
in the Section 4.
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2. They evaluate the constructions described in [74] against similar constructions, especially
in relation to one or more of the related problems listed in Section 2.1. Some examples
of this type of evaluation follow.

A 2009 paper by Marantis and colleagues [91] compares three different point distributions
on S2, including EQP(2,N), by using test samples of 240 points and using them to reconstruct
a function defined by spherical harmonics up to degree 8: “it is subsequently sampled with the
three proposed sample point distributions and the pattern is reconstructed using the estimated
harmonic coefficients.” Unfortunately the paper does not explicitly state the reconstruction
method used. The EQP(2,240) reconstruction fails badly. The paper makes an attempt to
explain this.

A 2016 paper by Rachinger and colleagues [111] compares different “constellations” of
points on hyperspheres in a complex vector space. The case described in the paper is a hy-
persphere in C3, equivalent to the sphere S5 ⊂ R6. The EQP(5,64) and EQP(5,512) codes
are compared to constellations obtained via k-means clustering, potential minimization, and
per-antenna phase shift keying. Curiously, the paper calls the the EQP codes “EQPA con-
stellations.” The constellations are compared in terms of construction complexity, capacity,
minimum distance, and power efficiency: “. . . EQPA works in such a way that the distribution
of points becomes more and more uniform as the constellation size increases. This algorithm
profits from packing the hypersphere more densely.”

A related 2016 paper by Sedaghat and colleagues [121] compares the EQP codes to codes
created by spherical K-means clustering with respect to performance of a wireless commu-
nication scheme called Phase Modulation on the hypersphere: “. . . the codes obtained by the
spherical K-means algorithm have much better performance than the EQ codes. Note that EQ
codes have the advantage that they can be constructed much more easily than K-means codes.”

One of the most comprehensive comparisons of constructions for spherical codes on S2 is
found in the 2016 paper of Hardin, Michaels and Saff [55], which examines quadrature, energy,
packing and covering properties of a number of such constructions. The paper shows that the
EQ point sets generated by the construction described in [74] are not only equidistributed and
well-separated, but they also perform well with respect to energy, with numerical behaviour
comparable to empirically optimal point sets. For the logarithmic and Coulomb potentials, “the
generalized spiral and zonal equal area points perform the best of the algorithmically generated
points.” For the Riesz s-energy with s = 2, “the generalized spiral, zonal equal area, and equal
area icosahedral points perform the best.” For the Riesz s-energy with s = 3, “the equal area
icosahedral points outperform the spiral and zonal equal area points of the algorithmically
generated configurations. This is expected because their Voronoi decomposition is closest to
the regular hexagonal lattice.” For more detailed proofs, see the 2017 PhD thesis of Michaels
[96]. For more context, see the 2019 book by Borodachov and colleagues [14, Chapter 7].

3.2 Improvements
For the sphere S2 the diamond ensemble [12] is a construction for spherical codes resembling
the EQP(2,N) codes, where the code is constructed directly and not via an equal area partition.
Similarly to Zhou’s construction [113, 148] and the EQP(2,N) codes, the code points are dis-
tributed amongst the north and south poles and a small number of parallels of latitude. On each
parallel, the code points are equally spaced. Unlike Zhou’s construction and the EQP(2,N)
codes, the code points on each parallel are offset by a random angle, and the number of code
points per parallel are chosen to minimize the expected logarithmic energy. The diamond en-
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semble can then be used to construct an equal area partition similar to Zhou’s construction or
the EQ(2,N) partition [39].

The first paper [12] concentrates on logarithmic energy and cites Zhou’s construction. It
would be interesting to compare the results for logarithmic energy with the empirical loga-
rithmic energy of the EQP(2,N) codes, especially considering that the EQP(2,N) codes have
a non-random rotation offset on each parallel that maximizes the distance between the code
points on adjacent parallels [75, Section 4.1.2].

The second paper [39] examines spherical cap discrepancy and also cites the PhD thesis
[75], and the Matlab toolbox [79]. It is interesting to compare the proof of [39, Theorem 1.6]
on the upper bound for spherical cap discrepancy of the diamond ensemble with the proof of
[75, Theorem 5.4.1] on the same topic for the EQP(d,N) codes. As expected, the order of the
bound in both proofs coincides for d = 2. The latter proof involves general d > 1 rather than
just d = 2, but it uses a similar argument about the number of regions of an equal area partition
that contain the boundary of a spherical cap. See, for example, [39, Figure 3].

4 Some applications

Biology and medicine
Biochemistry. The 2009 paper by Chu and colleagues [27] investigates RNA folding by sim-
ulating two simple cases where two helices are joined by a non-helix segment. The methods
used in the paper include apparently using EQP(3,16000) to produce “8000 equally spaced
points on the upper half-sphere of the unit three-sphere S3 ⊂ R4, yielding a set of quaternions
that sampled the space of rigid body rotations SO(3) evenly.” (Figure 13).

Figure 13: Chu et al. “Visualization of 1000 randomly selected conformers observed in the
dPEG (A) and sPEG (B) simulations,” [27].

Medical imaging. The 2020 paper by Lazarus and colleagues [72] extends the “SPARKLING
(Spreading Projection Algorithm for Rapid K-space sampLING)” optimization algorithm for
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efficient compressive sampling patterns for 3D magnetic resonance imaging (MRI). The 3D
SPARKLING process uses the EQ(2,100) partition to arrange MRI shots in a trajectory. The
paper compares this process with two stacked SPARKLING processes and finds it to be inferior
to a variable density stacked SPARKLING process (Figure 14).

Figure 14: Lazarus et al. “3D SPARKLING process. A, Partition of the sphere into 100
regions of equal area. Regions along a constant elevation angle were highlighted in blue: they
are identical up to a rotation. B, One 3D density sector containing a SPARKLING shot. C,
The SPARKLING shot is then rotated along the considered latitude. D, the whole fully 3D
SPARKLING trajectory. An individual segment is highlighted in black. . . . ” [72].

Neurobiology. The 2020 paper by Das and Maharatna [29] presents an “end-to-end toolchain
that processes raw MRI data and generates network metrics for brain connectivity analysis
using non-anatomical equal-area parcellation.” The method presented in this paper is quite
involved, but includes steps that use the EQ(2,80) partition and EQP(2,80) spherical code:
“. . . we partition the spherical surface into equal sized areas by applying the equipartition algo-
rithm of unit sphere [74]. We create a list of centre points of all the equal partitioned areas of
unit sphere and scale them up to spherical surface . . . ” (Figure 15).

Climate and weather
Climate science. The 2018 paper by Werner and colleagues [138] presents “the first spatially
resolved and millennium-length summer (June–August) temperature reconstruction over the
Arctic and sub-Arctic domain (north of 60◦ N).”

The 2008 paper by Fauchereau and colleagues [40] applies Empirical Mode Decomposi-
tion (EMD) “in two dimensions over the sphere to demonstrate its potential as a data-adaptive
method of separating the different scales of spatial variability in a geophysical (climatolog-
ical/meteorological) field.” The paper uses the EQ(2,6500) partition and the EQP(2,6500)
spherical code (Figure 17).
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Figure 15: Das and Maharatna, “Raw MRI scans to parcellated segmented brain image,” [29].

Figure 16: Werner et al. “Distribution of input data. Length (fill of quadrilaterals) and first year
(coloured circles) of the regridded instrumental data. Symbols show the locations and type of
proxy data used (PAGES 2k Consortium, 2017). The reconstruction target area is all grid cells
marked with wire frames.”. [138].

Numerical weather prediction. Papers by Mozdzynski and others at the European Centre for
Medium Range Weather Forecasts (ECMWF) [32, 33, 99, 100, 137] describe the use of code
derived from the EQSP Matlab Toolbox [73] to balance the parallel load of the ECMWF In-
tegrated Forecasting System (IFS). The papers call this load balancing method EQ_REGIONS
partitioning (Figure 18).
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Figure 17: Fauchereau et al. “ERA 15 surface temperature long-term mean (1979–1993):
interpolated onto a zonal equal area partitioning of the sphere using 6500 points.” [40].

Figure 18: Mozdzynski et al. “EQ_REGIONS partitioning of grid-point space,” [99].

Geology and geophysics
Papers and theses describing applications in geology and geophysics include [4, 36, 35, 38, 50,
52, 51, 53, 58, 66, 93, 103, 104]. For example, the paper by Matsuyama and colleagues [93]
uses the EQ(2,400) partition to sample tectonic patterns on the moon (Figure 19). The paper
does not justify this choice of sampling method or estimate its accuracy.

The paper by Alken and colleagues [4] uses a robust Huber model based on 10 000 points
obtained via the EQP(2,10 000) spherical code as a component of the evaluation of models of
the Earth’s magnetic field.

The thesis by Domingos [38], and the papers by Hammer and colleagues [52, 51, 53] Istas
and colleagues [58], and Kloss and colleagues [66] use the EQP(2,300) or EQP(2,500) spher-
ical codes to locate either 300 points or 500 points around the Earth, and use these points to
locate geomagnetic virtual observatories (Figure 20). Each of these is effectively an approxi-
mate solution of the spherical cap packing problem.

Materials science
The 2021 paper by Sabiston and colleagues [117] presents and evaluates a micromechanics
model for use in the fatigue characterization of injection moulded carbon fibre. The microstruc-
ture is characterized in terms of the orientation of carbon fibres, as an orientation distribution
function (ODF). This function is approximated through the use of the EQ(2,1200) partition and
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Figure 19: Matsuyama et al. “a, Total fault segment length per unit area computed by sampling
the digitized fault segments in 400 equal area regions partitioned using the ‘igloo’ method
of Leopardi (2006). b-f, Absolute difference between the maximum and minimum principal
stresses (principal stresses difference), which quantifies the deviatoric stress, for a variety of
mechanisms combined with isotropic contraction . . . ” [93].

Figure 20: Hammer et al. “Distribution of the 300 GVOs (red dots) and associated cylinder
bins (in green) using a Hammer projection,” [51].

the EQP(2,1200) spherical code. “1200 was selected by performing a parametric study on the
effect of number of orientations on the homogenized stress as well as the maximum interface
stress” (Figure 21).
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Figure 21: Sabiston et al. “Interface stress distribution over the fibre ODF for plaque location 1
considering the entire microstructure, excluding orientations that do not appear in the evaluated
microstructural image,” [117].

Mathematical physics
The 2021 paper by Benedikter and colleagues [13] rigorously derives “the leading order of the
correlation energy of a Fermi gas in a scaling regime of high density and weak interaction.”
The paper uses a modified version of the EQ(2,M) partition that (1) partitions the northern
hemisphere and reflects this partition into the southern hemisphere; and (2) introduces corridors
between the regions; (Figure 22).

Figure 22: Benedikter et al. [13].

Robotics
The 2020 paper by Pfaff and colleagues [106]. proposes “a grid filter for arbitrary-dimensional
unit hyperhemispheres and apply it to an orientation estimation task and another evaluation
scenario.” (Figure 23). It is one of a series of related papers [43, 71, 82, 83, 84, 85, 106, 107,
108] that each cite [74]. The partitions used in the paper differ from EQ(d,N) partitions in
the following way: “we adjusted the algorithm so that it yields the best even integer number
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Figure 23: Pfaff et al. “Illustration showing a partition of H2 with equally sized regions and a
partition of S2 obtained by mirroring the partition of the hemisphere,” [106].

of collars. Then, when subdividing from top to bottom, the boundary of one collar will run
along the equator of the hypersphere.” The paper does not explain how the modified algorithm
generates regions of equal area, nor does it provide source code.

Visualization
The 2012 paper by Arrigo and colleagues [8] describes the R2G2 R CRAN package for the vi-
sualization of spatial data using Google Earth. The package uses the EQ(2,50), Partition(2,500),
EQ(2,5000), EQ(2,10 000), and EQ(2,20 000) partitions to calculate and plot histograms and
other visualizations of data distributed on the Earth’s surface (Figure 24).

Figure 24: Arrigo, et al. “Species diversity of the Selaginella subgenus Tetragonostachys in
North America using a grid of 20 000 cells with equal areas,” [8].

P. Leopardi 18/32



Applicability of equal area sphere partitions

Sphere vs hypersphere
The majority of application papers citing [74] focus only on applications on the sphere S2.
Even so, only about 14 papers citing [74] also cite either the original work on zonal equal
area partitioning of S2 by Rakhmanov, Saff and Zhou [113] or Zhou’s PhD thesis [148]. Of
these 14 papers ([2, 21, 22, 37, 55, 56, 57, 60, 91, 96, 127, 136, 140, 147, 150]) only six
([2, 57, 60, 91, 147, 150]) are applications-oriented.

Ahmadia’s 2010 PhD thesis uses the EQ(d,N) partitions with d from 5 to 12 to solve a semi-
conductor lithography optimization problem [2]. The 2011 paper by Ishii uses the EQ(2,N)
partitions and EQP(2,N) codes as possible solutions to a sampling problem used to calculate
the total radiated power from radio equipment – a quadrature problem [57]). Jenkins’ 2012
paper [60] concerns the construction of sparse spanners of unit ball graphs in R3, relating this
problem to the covering problem on the sphere, and using EQ(2,N) partitions to efficiently ap-
proximate coverings. The 2009 paper by Marantis and colleagues [91] is described in Section
3.1. The 2009 paper by Xie and colleagues [147] is a conference paper companion to [91].
The 2009 paper by Zotter [149] compares a number of different methods of approximating
polynomial functions on the sphere S2 in order to analyze discrete spherical microphone and
loudspeaker arrays. Unfortunately this paper seems to confuse interpolation using extremal
fundamental systems on S2 with hyperinterpolation [123].

Of the papers that tackle applications on higher-dimensional spheres, some use the double
covering of the SO(3) group of rotations in R3 by the SU(2) group, represented by the unit
quaternions, modelled as the hypersphere S3, and therefore use the EQ(3,N) partitions and the
EQP(3,N) codes [26, 27, 34, 44, 94, 95, 106, 108]. A few, such as the 2022 paper by Ramírez
and Elvingson [114] address S3 and the EQP(3,N) codes for other reasons. Others address
applications in higher dimensions, including: Ahmadia’s 2010 PhD thesis [2], as described
above; a 2012 report by Kessler and colleagues [65] that describes an algorithm that uses the
EQP codes to construct an approximately optimal path to extinction in systems of arbitrary
dimensions; the 2016 paper by Rachsinger and colleagues [111], as described in Section 3.1;
the related 2016 paper by Sedaghat and colleagues [121], also described in Section 3.1; a
2017 paper by Kurz and Hanebeck [69] that uses the EQP codes to construct linear regression
Kalman filters; and finally a 2021 paper by Miyamoto and colleagues [97] that uses Hopf
fibrations to construct spherical codes in R2k

, comparing these to EQP(2k − 1,N) codes for k
from 2 to 5.

Of the mathematical papers that use the EQ partitions and the EQP codes in higher dimen-
sions, one stands out: the 2019 paper by Kunc and Fritzen [67], which uses the EQP codes as
starting points for energy minimization.

5 Conclusion
Judging from the wide variety of applications of the EQ partitions and the EQP codes, these
constructions appear to be widely applicable.

Closer inspection reveals that the constructions perform poorly on some problems. Chief
among these is the reconstruction of functions via spherical harmonics [91], accomplished on
S2, for example, by scattered data approximation [61, 62, 123]. The joint paper with Som-
mariva and Vianello [81] addresses this problem by using large EQP codes as norming sets,
and constructing subsets that have approximation properties almost as good as the norming
sets.
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In the case covered in this paper, the applicability of the mathematical construction appears
to be not so unreasonable, given the work that has been done in testing, for each relevant
problem, the performance of the construction relative to alternatives, and the fitting of the
construction into an overall solution that addresses each specific application.
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